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INTRODUCTION

We are concerned with the saturation order of an approximation kernel
originated by a matrix transform of Fourier-Jacobi expansion. Matrix
transforms turn out to be summation methods under various conditions.
We start with a triangular matrix 4=((4,,,)), n=0, 1,2, ..,k=0,1,2, .,
such that 1,,=0 for k>n and prove a general result on saturation
problems involving approximation by Jacobi polynomials.

Preliminaries. Let X denote one of the function spaces C or
LP(1<p< ), on [—1,1]. The space C is a Banach space with norm

[fllx= sup [f(cosB)|, feX=C, (L1)

LEE ]

and X'=L”(1 <p< o), with weight function
p PN (0) = (sin 6/2)***1 (cos 8/2)*# 1, « f> —1, (1.2)

is a Banach space with norm

1/p

| fllx= Ilfl|p={f: | f(cos 0)|pp(a,m(9)de} . (1.3)

feXxX=1Lr
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Also X'= L% is a Banach space if endowed with the norm

Iflix=1/1w=ess sup [f(cosb) cx=rx- (L4)

o<é<sn

With fe X, we associate the Fourier-Jacobi expansion

flcos 0)~ Y f"(n) P RFP(cos 6), (1.5)

n=0

where

i} —1
0P = ( [ (R (cos )2 p=2(0) d9>
0

CQuto+p+)IMn+a+f+ 1) I(n+a+1)
T+ B3+ IMe+ ) Ma+ B INa+ 1)

s frvo (M) "

S " (n) is the Fourier-Jacobi transform of f given by

Frn)= j f(cos §) R=F(cos §) p*P(6) 46, (1.7)
0
where
RP(cos 0) = PP(cos 6)/PP)(1).
P>P)(x) is the nth Jacobi polynomial of order (x, §) and degree n. The

generalized translate of f with expansion (1.5), introduced by Askey and
Wainger [1], is T, f with expansion

T, f(cos 8) ~ i M (n) 0@P R*Pcos 6) R>*P(cos ¢). (1.8)

n=0

It is known that T, is a positive operator for a > > — 3 and has operator
norm 1 (see Gasper [6]). For f,, f>€ X, the convolution f+f, is defined
(see Askey and Wainger [1]) by

firfo(cos 0)= | T, fi(cos 0) fo(cos §) p“ P9y g, (19)
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and has the following properties. Let f;, >, f5€ L' and ge X, Then

(1) fixfa=fxfi
(11) Jix (faxf3)=(f1%f2) * f3 (1.10)
(iit) ||f1’f‘g”X<||f1“1”g“X

(i) (fixf2) () =1{(n)f5 (n).

Furthermore, a positive summability kernel, a quasi-positive kernel, and
an approximation kernel have been defined by Bavinck along the lines of
Butzer and Berens [5] which is a landmark in the sphere of abstract
approximation theory and its various applications. One of the important
achievements of Bavinck is that the convolution of any approximation
kernel (satisfying his definition) with an element of X yields a strong
approximation process in X. Our approximation kernel is different from
that but it leads to the process of strong approximation in X, In the next
section we denote by X either C or L? (1<p<oo) with a=>f> —1

2

Applications. The modulus of continuity w(¢, f; X) in X is defined by
Bavinck [2] as

OB, f; ) =0@)E swp 1T, f()~/Clgsorex- (1)

Also feLip(y, X), 0 <y <2, if there exists a positive ¢ such that

(¢, f; X)<cd. (2.2)
The subspace Lip(y, X} of X is a Banach space if endowed with the norm
I M ciper, =1 f Nl x+ sup (mo(n=, £ X)) (2.3)

and properties of w(4, f; X) anologous to those of the classical modulus of
continuity that have been given by Bavinck [2].
We have (see Askey and Wainger [1] and Gasper [6])

R&P)(cos ) R&™P(cos ¢)

- fo" R&P(cos ) K(cos 0, cos @, cos ) p P () i, 24)
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where K(cos 6, cos ¢, cos i) >0 is a symmetric function, «> > — 35, and
j K(cos 8, cos ¢, cos /) p D) dp = 1. (2.5)
0

Thus the generalized translate of f (cos @)e L' which has the Fourier—
Jacobi expansion (1.5), can be defined as

T4 f(cos 6) ‘gf(cos 6, cos ¢)

- f f(cos W) K(cos 6, cos ¢, cos ¥) pP(y) d

~ Y fr(n) &P REP(cos 8) RP(cos ). (2.6)

n=0

We denote the nth partial sum of (1.5) by s,(f, cos8) so that, by
orthogonality of R%*#)(cos 0), we get (cf. Szegd [11, (4.5.3)]

$,(f, cos 8) — f(cos 8)

3 [ [f(cos §)~f(cos )] o=

v=0"0

X R{P(cos §) R(cos §) p () d

Il

I

% 0 7 [f(cos §)fcos 01 p*(9)

v

0
X “: K(cos 0, cos ¢, cos yr) R™F)(cos ) p(“=”’(|//)} dg

- j [/(cos ) —f(cos 8)] p*P(4) | " K(cos 6, cos ¢, cos )

0 o]

x ¥, o) R*P(cos ) p =P (y) diy dp
v=0

=L, j: R+ 1B (cos ) p>P(y) r [f(cos ¢)— f(cos 6)]

x K(cos 6, cos ¢, cos ) pP)(¢) do dys

using the symmetric property of K{(cos 8, cos ¢, cos yr). Here
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Tn+a+pf+2)

B (a+1) @E+EP
"o+ D) In+B+1)

2n+o+f+2

P£a+1,ﬂ)(1)=

=73+ 2{1 4 0(1/n)}  n>**2L(n). 27)

L(n) is a slowly varying function of n in the sense of Bavinck [ 3] such that
L(n) -1 and, given &, 6 >0, there exist n,, n, so that #n°L(n) is increasing
for n>n, and n°L(n) is decreasing for n>n,. Now

s,(f, cos 8) — f(cos 0)
=L, [ [T, f(cos 0)=f(cos )] RE TP (cos y) pP )y (28)

Let A= ((4,)) be a triangular matrix with 1, ;=1 for all n. Then the A-
transform of series (1.5) is defined as

agA)(f; CcOos 0) = Z Aln,ksk(f; Cos 0): Ain,k = j'n,k - in,k+ 1 (29)

k=0

By (2.8),
aM(f, cos 0) — f(cos 0)

= [7 [Ty 7(cos 0)f(cos )] KP(cos ) p“P (W), (210)

where

def

KiP(cosy) = KP() = 3, Ady L REH!Pcos ). (2.11)
k=

0

3

The transform o{?(f, cos ) is also called the A-mean of (1.5). The
necessary and sufficient condition for the regularity of the A-method of
summation is

lim 44,,=0 for £=0,1,2,... (3.1)

n— oo

For A, v=p,_t/P., Po=po+p,+---+D,, po>0, the method 4 reduces
to the (N, P,) method which is a generalization of Cesaro’s method. On the
other hand, if we take 44, , =p,/P, ({px} non-negative, non-decreasing),
the A-method reduces to the (N, p,) method. We consider a non-negative,
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non-decreasing sequence {44, ,} arising out of a lower triangular matrix
({A,) (with 2, o=1 for all n), such that, for k=0, 1,2,.., and i=0, 1, ..,

Al
42,

<M for k=i, (3.2)

where M is any fixed positive number.
Now we intend to prove the following theorem where 4 is an absolute
constant, not the same at each occurrence.

THEOREM 1. Let {44, ,} be a non-negative, non-decreasing sequence
with respect to k, satisfying (3.2). Let w(¢) be the modulus of continuity
of feX. Then the saturation order of the kernel KV of the A-method of
summation is given by

1o 0(f, cos 6) — f(cos 0)l x
=(f= K —f()llx

z 1/k+1)) & .

+4,, (3.3)

where

A, =An—%#-2 (3.4)

The saturation class or Favard's class F(X, ¢} is the space of ail fe X for
which the right side of (3.3) tends to zero as n tends to infinity and
F(X, 6™y X.

Further, if there exist positive numbers M,, M, such that, for a large
enough positive integer n,
Ml(k+ 1)1—2[3—3/2 (i’l _k + 1)——01——1/2
o(l/(k+1))=< or (3.5)
My(k+ 1212 (p—k 4+ 1)7*" 32

for k=0,1,2,...,k<n, and x> = —1/2, then we have the following
important result.

THEOREM 2. Let {44, ,} and w(@) be given as in Theorem 1 and let (3.2)
and (3.5) be satisfied. Then we have
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1o 5(f, cos 0) — f(cos 6)]| x
=1/ * K =)l

<A < i o(l/(k+1)) &

ey 7e L Ann =y 174 Lin— )) (3.6)
k=0

and the saturation class or Favard’s class F(X, c"") < X is the space of all
fe X for which the right side of (3.6) tends to zero as n tends to infinity.

Remark. As pointed out in [3], many classical results [7, 8, 10] for
Fourier series are carried over by (3.3) and (3.6) in a powerful way.

In the proof we use following results.

LemMa 1[9]. If {44,.} is non-negative, non-decreasing with respect to
k, then, for 0<a<b< 0, 0<t<m, and any n,

b T
N Ahy k€T <2 +1) Y, AA i (3.7)
k=a

k=0

where T=[1/t].

LEMMA 2. We have

2 oo(l/(k+1))

A, <4 Z W Z Al v(n—v+1)°‘+l/2L(n v) (3.8)

provided (3.5) is satisfied.
Proof. By (3.4), we have
A,=An"*-2% Ad,,_, (ford,o=1 and 1,,,,=0)

<AY by, , S k¥

0 k=v+1

<4 Z Ay (n—v+ 1) T2 L(n—v)

x Y kB k1)

k=v+1

(for a;—% and L(n—v):O(l))



SATURATION ORDER 43

=AY A, (n—v+ 1) Ln—v)
y=0

n a)(l/k) k“*Zﬂ*3/2(n_k+ 1)-1—1/2
X 2+1 koc+3/2[ w(l/k) ]

k=v

o o(l/(k+1))

:AZ

Pt (k+1)3/2+zx

k
X Y Ak, [ n—v+1)*T 2 L(n—v)  (by the first part of (3.5)).
v=0
Here we used the fact that

Y Ok F A1)y ¥R

k=v+1

As

(m—v+1)"1 Y k¥ 2y + 1) v+ ) p 2= 2

k=v+1

we have

A, <AY Ah,, (n—v+1)!

n

<
I
[Ragl

X Y kP Ak 1) (ko 1)

k=v+1

M=

=4

v

AR n—v+ 1712 L(n—v)
0

[

n Q)(l/k) ka—ZB—l/Z(n_k+1)—a73/2
ngﬂ fex+ 32 [ w(1/k) ]
_ % o/ )

—\Akgo (k+ )"+

k
XY Adyyn—v+ 1) Ln—vy),

v=0
by the second part of (3.5). This proves the lemma.
Lemma 3. If {44, .} is non-negative, non-decreasing, and w(¢) is the

modulus of continuity defined by (2.1), then, for all positive integers n and for
o> —1i we have
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n"*2o(lfn) Y Ahpn oLy

v=0
= o(l/(k+1))

<A
oo (k4 1)2+e

k
x 3 Ay, fn—v+ 1)+ V2 Ln—v). (39)
v=0

Proof.
“ 1/(k
Z g,f:/(’l‘);t_zl)—) Z Ay (n—V +1)*+12 L(n—v)

Lhyy (1= v+ 12 L —v) z %{f)%)—)

x4 32 @(1/R)
"n vL(n—v)(n—v+1) 2 PEEEE

2n " Po(l/n) Y Ay, Ln—v)n—v+1)*+3

v=0

=n**V2p=2"2g(1/n) Y, Ahp,_ L, (n—v+1)"*"12

v=0

>n=*%a(ljn) Y Adpn L,

v=0

(for L, ,=(n—v+1)2*2L(n—v)). QED

Besides these lemmas, we use results from [11] without special reference.
Thus, with the help of Szegd’s Hilb-type asymptotic formula, we make use
of the following estimate (see Bingham [4]) for ¢/n <80 <n - c/n, where n
is large enough and 0> f> — &

o™ R*P cos §)
22 gt 2cos{nb+ (a+B+1)6/2}

=71'1/2F(a+1) (Sin 0/2)a+1/2 (COS 0/2)/; [1+0(1/n)]
= —-—————23/2 n* 12 5in~*~129/2 cos 4 /2
22T+ 1)
xcos{n@+ (a+ f+1)6/2} L(n). (3.10)

Proof of Theorem 1. We have, from (2.10),
o (f; cos 0) — f(cos 0) = (f + K¢*)(cos 8) — f(cos 0)



SATURATION ORDER 45

as our resuit shows that change of order of summation is justified. Thus
lo§(f; cos 8) —f(cos 0)|| x

<JTNT Y= Ol KW 00 di

nf{n+ 1) n—n/{n+1) n
o A

n/(n+1) n—n/f(n+1)

=P+ 0+ R (say).

But
n/(n+ 1)
P< fo w(y, £ KD p=P(y) dif

=Ao(n/(n+ 1)) (n+1) 22 zn: AA, Ly

k=0

=Ao(l/n)n~"2 Y Ad,,_,L,_,
v=0

- o(l/(k+1))

~ (k+ 1)3/2+ot

Z
Z Ahy_(n—v+ 1) 2 L(n—v) (by Lemma 3). (3.11)

<4
X
v=0

Also, let there exist an n, such that, for n> n,, the estimate (3.10) holds.
Then

T—n/{n+1} 0
o</ 3 Ahaa LR P05 )| pP )
n/(n+1) k=0
n—nf{n+ 1}
o o, £X)| 5 Ah LR <“+1ﬁ>(cosw>‘ () iy
Iajtn+ 1) k=rg+ 1
=, + J, (say),
where

0= WPTOSX) 3 Al

w/(n+1)

=dng | W, f XAy, A

nf(n+1)
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< Angd, . z j "y () dip

/(k+2)

(k+1)A,1n,n_k(n—k+1)°<+1/2L(n—k)
(k+1)A/1,,,n‘k(n——k+1)““/2L(n—k)
o o(l/(k+1)) (k+1)-%2~=
= Any,4
Ao 'ln.no Z (k+1)3/2+u A)«n,n—k(n_’k"‘l)wrm

k=0

k
XY Ahy,_(n—v+1)** 2 L(n—v)

v=0

(4] 2 ekt 1)
- Ahpo S (k+1)724%

k
XY Ahyn_(n—v+1)* T2 L(n—v)

(fOf {Ain.k}; = {A;Ln,n~k} No= {I/A’ln,n»k} /')
(& o(lfk+1))
_A<k§‘0_—(k+1)3/2+a
k
Xy Mo (R— v+ 1)+ 12 L(n—v)) (by (3.2)).

Keeping in mind that L(k) absorbs the error terms, we get, by (3.10), for
o= ﬁ = — %5

23/2 z—nfin+1) . a—172 Bi1
0=y L, WS 2) P (cos 2 dif
n ka+3/2L(k)
X k=nzn+1d n!kmcos{k¢+(d+ﬁ+2)d//2}}
23/2 a—nf(n+1) e .
=T L/(HU () sin* 2 /2 cost* 1 )2
n—ng—1 (n_v)oc+3/2L(n___v)
X vgo Al"’"‘“Z(n-v)+oc+ﬂ+2
xcos{(n—v)l//+(a+ﬂ+2)¢/2}ldi//
oY)
<4 n/(n+1)l/’1/2 g
x[IZ/':/’]Aln’nkv(n—v)“”ﬂL(n—v)

2n—v)+a+p+2

v=0
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(for the integrand is positive),

7 api(k+1) L1443
=43 | oY) L b (v 1 L)

750
o n/(k+2)ll// *

oo(l/(k+1) &

< . 1 oc+1/2 —
A L Geryree L Z Ay (n—v+1) L(n—v).
Again,
R<[  oW)KOW) 0P ) di.
T —7n/f(n+
But
KPDW)=Flcosy)= Y. Ad, L RE*P(cos )
K=0
=A4,0LoRE* “P(cos )
+ Y blk)k ot ARET LB (cos ),
k=1
where
(@+1) 44, ,
bk)y=——— =1,2,.,n2k,
W= gt ob2enzk

b(k) being bounded and monotonic. Thus, applying the arguments of
[3, 785-7861 we see that F (cosy) is continuous in 0 <y <7 and con-
verges uniformly in #» when y is very near to 7, i.e., when n is large enough.
In fact

+1) 42

K =W___~_L° (x+1,8) pla+15)

w () At f+2 Wq 0 {cos ¥)
(x+1)44 B
R Al Y ) 11 1
2@t ft2yn ogth)

mn
x Y [loglk+10)] kot " RET P (cos )

k=n|
(I<n <ny<n),
so that we can obviously apply the cited argument and our conclusion

follows as 44, , < MA44, ,=M(1—41,,)>0since {42, ,} are non-negative,
non-decreasing, and satisfy (3.2). Hence

nf(n+ 1)
R=Af w2ﬂ+ld!//
0
=An~¥"2=4,.

This completes the proof of Theorem 1.

640/58/1-4
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Proof of Theorem 2.

n 1/k+1
A,,SA(kgozk—:#)yT;); Y Ak, =y +1)* 2 L(n— v))

by Lemma 2, under the present conditions. Thus this theorem follows by
the proof of Theorem 1.

Corollary of Theorem 1.

CorOLLARY 1. Let 42,,=1/(n+1) for k=0,1,2,... Then, if we
denote the (C, 1) mean of (1.5) by Si(f, cos 0), we have

1S3 (N =S = 1+ KE) = F v

. 1/k+1
<alwon 3 ST e @)

Proof. A particular case of the proof of Theorem 1.

Also, let us merely assume that 4 =((4,,,)) is a triangular matrix. Then

oc(f, cos 0) — f(cos )
=Y (k+1){Si(f, cos 8)—f(cos 6)} 4%1, . (4.2)
k=0
Thus, by (4.1) and (4.2), we have the following general result.

THEOREM 3. For any triangular matrix transformation of (1.5), we have

a0 (D= fHx
=10/ * KZC) =Sl x

<A Y 4%, | (k+1)2+172
k=0

£ w(l/(v+1)) —a—26-32
(2 G k), 6

Azj'n,k = Aj'n,k - Aln,k+17

for a> B> —4i The saturation class or Favard’s class F(X, c'Y)c X is the
collection of all fe X such that the right side of (4.3) tends to zero as n — 0.
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The modulus sign on the right side of (4.3} may be removed by restrict-
g {44, ,}. Inequality (4.3) seems to be the best possible but requires
rther investigation.
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